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ABSTRACT
We show that the classical equations of motion of the low-energy effective field
theory describing the massless modes of the heterotic (or type I) string admit two
classes of supersymmetric self–dual backgrounds. The first class, which was al-
ready considered in the literature, consists of solutions with a (conformally) flat
metric coupled to axionic instantons. The second includes Asymptotically Locally
Euclidean (ALE) gravitational instantonic backgrounds coupled to gauge instan-
tons through the so–called “standard embedding”. We show that some elements of
these two classes of solutions are dual to each other in the sense of Buscher’s dual-
ity. We give a world–sheet interpretation of the heterotic ALE istanton solutions
in terms of superconformal N = (4, 4) σ–models and argue for their validity to
all orders in α′. Specializing the gravitational background to the Eguchi–Hanson
instanton, we compute the indices of the fermionic operators and give the explicit
form of all the relevant fermionic and bosonic zero–modes.
1. Introduction
Several non trivial solutions of general relativity (black holes, plane gravita-
tional waves, cosmological metrics, . . . ) have been shown to be also classical solu-
tions of some string theory. This is usually proven by recognizing that the one loop
β–functions of the associated non-linear σ–models, describing the propagation of
the string in the corresponding backgrounds, are zero. In turn these conditions
can be looked at as the Euler-Lagrange equations of an effective action describing
the low energy interactions of the massless modes of the string [1, 2, 3].
As is well known, in order to find classical solutions of a supersymmetric the-
ory, it is enough to set to zero the fermion fields together with their supersym-
metric variations. This is the way in which several monopole [4], soliton [5] and
instanton [6] configurations have been proven to be classical solutions (known as
“pentabranes” [7]) of the effective supergravity theory derived from the heterotic
string. In these solutions the metric is conformally flat.
The σ–models describing the propagation of the heterotic string in these back-
grounds have N = (4, 0) supersymmetry on the world–sheet. If the gauge con-
nection is identified with the generalized spin connection with torsion (“standard
embedding”), the resulting σ–model turns out to be left-right symmetric and the
N = (4, 0) supersymmetry is enhanced to N = (4, 4). As a consequence, all α′
corrections to the β–functions are expected to be zero [8].
In particular the instantonic solution of [6] (in the limit in which the dilaton
field is taken to vanish at infinity) was proven to be an exact solution of the heterotic
string equations of motion by showing that the corresponding σ–model coincides
with an exactly conformal WZW model on the group manifold SU(2)k ⊗ U(1)Q,
where the level k and the background charge Q are related by Q = 1/
√
k + 2.
With this choice the coefficient of the conformal anomaly turns out to be c = 6, as
in the case of four flat supercoordinates.
Generally speaking, all higher order α′ corrections to the heterotic string clas-
sical solutions appear to be proportional to trR ∧ R − trF ∧ F (or contractions
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thereof) [9], which indeed vanish thanks to the identification of R with F , follow-
ing from the “standard embedding”. This observation has been widely used to
derive consistent compactifications of the heterotic string on compact Calabi-Yau
manifolds [10].
It is curious to note in this context that, to the extent of our knowledge, the first
example of use of the “standard embedding” was to generate Yang-Mills instantons
out of gravitational ones [11] in a Yang-Mills field theory coupled to gravity.
In this paper we will consider the possibility of promoting the solutions of the
Euclidean Einstein equations, known as gravitational instantons, to fullfledged so-
lutions of the heterotic string classical equations of motion. We will mostly concen-
trate our attention on gravitational instantons which correspond to non-compact,
four–dimensional Asymptotically Locally Euclidean (ALE) manifolds admitting
Ricci-flat hyperka¨hler metrics with self–dual curvature.
To construct a solution of the whole set of classical equations we notice that
ALE instantons satisfy the empty space Euclidean Einstein equations. Thus in
order to couple them to non–trivial backgrounds of the other massless bosonic
fields, one must consider field configurations with zero Euclidean stress energy ten-
sor. Gauge instantons and axionic instantons [12] are solutions of the equations of
motion in the absence of fermionic sources, which precisely meet this requirement.
For the consistency of the solution the validity of the (modified) Bianchi iden-
tities has to be imposed. To fulfill this requirement one is naturally led, as a first
step, to identify the gauge and the (generalized) spin connection. In this way the
Bianchi identities are simply reduced to the requirement that the dilaton field must
be a constant or the metric conformally flat.
It is remarkable that, as we will show in sect. 2.2, the solution in which the
gravitational background is a self–dual multi–center metric and the dilaton field is a
constant, turns out to be dual, in the sense of Buscher’s duality [13], to the solution
found in [4], in which, viceversa, the gravitational background is conformally flat
and the whole non triviality lies in the form of the dilaton. As for the solution
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discussed in [6], its dual is the stringy black hole solution described in [14].
Many topological properties of ALE manifolds have been known for a while.
The possibility of finding new topological invariants, through the study of topo-
logical quantum field theories [15] on such manifolds, may not forego the precise
determination of the indices of the fermionic operators and of all the relevant
bosonic and fermionic zero–modes. The computations can be drastically simplified
by exploiting the existence of a surviving global N = 1 right–handed supersymme-
try, related to the presence of two independent covariantly constant spinors [16].
This supersymmetry allows to relate zero–modes of the bosonic fields to those of
their fermionic superpartners. In this way one is reduced to compute fermionic
zero–modes only.
In order to be explicit we shall take the simplest among the ALE manifolds:
the Eguchi–Hanson instanton [17] and we complete the solution of the classical
equations of motion by coupling it to a gauge instanton constructed by identifying
the gauge connection with the EH spin connection (standard embedding). As far
as the classical invariants of the manifold are concerned, i.e. Euler characteristic,
Hirzebruch signature, indices of the Dirac and Rarita-Schwinger operators in the
gauge singlet representation, the relevant computations can be found in the classical
literature on the subject [18].
New topological invariants are related to the indices of the Dirac operator
in non–singlet representations of the gauge group. We show that the number of
(left–handed) zero–modes of the Dirac operator for spinors in the fundamental
representation of the instantonic SU(2) gauge group is 1, while for spinors in the
adjoint representation this number is 6. The values taken by these two indices
are respectively related to the existence on this background of 1 self–dual closed
two–form and of 12 deformations of the tangent bundle preserving the rank and
the condition of vanishing of the first Chern class. The parameters associated with
these deformations lend themselves to an interpretation as collective coordinates
of the gauge connection.
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The explicit form of all zero–modes is found both with the help of geometrical
intuition and/or by solving directly, when necessary, the Dirac equation.
The relevance of the properties of the classical solutions of a field theory and
of the explicit form of the zero–modes of the wave operators around the corre-
sponding backgrounds needs no further stressing here, if not to recall that any
non–perturbative instantonic saddle–point evaluation of an Euclidean functional
integral would require a detailed knowledge of all these ingredients [19, 20].
In the case of global supersymmetric theories a detailed study of a possible
breaking mechanism of SUSY via gauge instantons was carried out in [21] with
rather encouraging results. The case of locally supersymmetric theories was ad-
dressed to in [16, 22], where it was argued that, in supergravity, gravitino con-
densation due to gravitational instantons can trigger the breaking of SUSY. An
important step forward in this line of arguments was made in [23], where, in the
case of N = 1 supergravity, the gravitino field strength condensate, < ψabψ
ab >,
was indeed computed and shown to be finite and space–time independent. The
calculation was done by performing a saddle–point approximation around the non
trivial classical solution of the theory represented by the Eguchi–Hanson gravita-
tional instanton [18].
The idea behind this kind of approach is the hope of being able to infer SUSY
breaking by putting non trivial condensates in relation with some anomalous SUSY
transformation. In global SUSY theories in flat space [21] such a relation exists
and it is called the Konishi anomaly equation [24]. For a Super Yang-Mills theory
coupled to chiral scalar matter multiplets, Φi, belonging to the representations Ri
of the gauge group, the relevant anomalous commutator reads
{Q¯, λ¯iφj} = q
2ci
32π2
χχδji + φ
j dW¯
dφ¯i
(1.1)
where i, j are flavour indices, W is the superpotential, Q¯ is a SUSY charge, q the
gauge coupling constant, χ is the gaugino, φi and λi are components of the chiral
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multiplet, Φi, and ci is the index of the representation Ri. The anomaly equation
(1.1) lies in the same supermultiplet as the chiral anomaly, i.e. it is a partner of
the anomalous divergence equation of the R-symmetry current of the theory. The
discovery that (some of) the condensates appearing in (1.1) acquire a non-zero
vacuum expectation value allowed to derive detailed information on the degeneracy
pattern of the vacuum state manifold and, in some cases (SUSY theories with no
flat directions and chiral matter in suitably choosen representations of the gauge
group) even to conclude that SUSY is dynamically broken by non–perturbative
instanton effects.
To construct a similar argument in supergravity one has to start with the
anomalous divergence of the R-symmetry chiral current, jµ
Dµj
µ = − 1
384π2
RabcdR˜
abcd (1.2)
where the tilde stands for the duality operation.Since RabcdR˜
abcd is the top compo-
nent of a chiral multiplet, which has ψabψ
ab as lowest component [25], the analogue
of the anomalous SUSY transformation (1.1) is
{Q¯, λ¯φ} = κ
2
384π2
ψabψ
ab (1.3)
where κ is the gravitational coupling constant, ψab is the gravitino field–strength
and λ and φ are components of a chiral matter multiplet (for the sake of definiteness
they may be respectively taken to be the dilatino and the dilaton). The appearance
of the gravitino field–strength bilinear in the right–hand–side of (1.3) led correctly
the authors of [23] to compute the expectation value of ψabψ
ab, instead of ψµψ
µ,
as suggested in [16].
Many of the computations we will present in this paper are very much in the
same line of thought of instanton calculus in global supersymmetric theories [21],
where, as we said, the simultaneous presence of global supersymmetry and of clas-
sical instantonic solutions conspire to give exact space–time independent constant
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results for certain correlators. The calculations we present here are propaedeuti-
cal to extend instanton calculus to locally supersymmetric (i.e. to supergravity)
theories [26, 27].
Contrary to globally supersymmetric Yang-Mills theories, however, supergrav-
ity is not renormalizable. Strictly speaking, this puts the entire subject of instanton
calculus in supergravity on a rather shaky basis. On this problem we would like to
take the point of view (as also suggested in [23]) that supergravity theories should
be considered as low energy limits of string theories, which are expected not to
suffer from these deficencies. Thus to the order to which supergravity theories are
formally renormalizable (i.e. generically up to two loops) results from perturbative
and non–perturbative (instanton) calculations should be considered as the limiting
values of the corresponding exact string results.
There are two more reasons to pursue this philosophy we would like to mention
here. The first has to do with the fact that effective field theories appear at the
moment the only arena where non–perturbative aspects of string theories can be
studied. The second is that, exploiting the relation between bosonic zero–modes
and instanton “collective coordinates”, explicit computations of the former may
prove to be a useful starting point in the investigation of the structure of the
istanton moduli space over non-compact ALE manifolds. Except for the purely
gravitational sector, this subject is as yet poorly understood.
The plan of the paper is as follows. In section 2.1 we show that the effec-
tive supergravity theory arising from the heterotic string admits classical solutions
in which the gravitational background is a self–dual ALE metric and the corre-
sponding gauge background is constructed by the identifying the gauge connection
with the Levi–Civita spin connection (“standard embedding”). In the following we
will generically refer to these solutions as “heterotic ALE instantons”. In section
2.2 we give a world–sheet interpretation of these classical solutions and we study
the relevant Buscher’s duality transformations, showing that heterotic multicen-
ter instantons are dual to the conformally flat solitonic solutions discovered in [4].
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In section 2.3 we specialize the self–dual ALE metric to the Eguchi–Hanson (EH)
gravitational instanton and we collect various useful formulae for the coupled gauge
and gravitational background obtained in this particular case. In the following we
will call this solution the “heterotic EH instanton”. In section 3 we compute the
indices of the gaugino Dirac operator in the heterotic EH background with the
gaugino in the fundamental and the adjoint representation of the gauge group. In
section 4 we determine the explicit form of the zero–modes of the operators of the
small fluctuations around the heterotic EH background for all the massless fields
of the theory and we discuss the relation between zero–modes and instanton col-
lective coordinates. Section 5 contains our conclusions and an outlook of future
lines of investigation. In Appendix A we state our notations and we gather a series
of definitions which should allow the interested reader to reproduce our results. In
Appendix B we report some known facts about the geometry of four–dimensional
ALE manifolds with a special emphasis on the properties which may be of interest
for the study of string propagation on these backgrounds or for the determination
of the structure of their moduli space.
2. Gravitational instantons in heterotic string effective theories
2.1. General Form of Heterotic ALE Istantons
Our starting point is the D = 10, N = 1 action that arises as a low-energy
effective field theory from the heterotic (or type I) string. For the massless bosonic
fields of the theory (graviton gMN , dilaton φ, antisymmetric tensor bMN , vector
bosons AM ) the Lagrangian takes the form
LB =
√
g{− 1
2κ2
R(g)− 1
4κ2
(∂φ)2 − e
−φ
12κ2
H2 − e
−φ
2
4q2
tr(F 2)} (2.1)
The part of the lagrangian quadratic in the fermionic fields (gravitino ψM , dilatino
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λ, gaugino χ) is given by
LF =
√
g{−1
2
ψ¯MΓ
MNPDNψP − 1
2
λ¯ΓMDMλ− 1
2
tr(χ¯ΓMDMχ)
− 1
2
√
2
ψ¯MΓ
NΓMλ∂Nφ+
√
2e−
φ
2
48
tr(χ¯ΓMNPχ)HMNP
− κe
−φ
4
4q
tr(χ¯ΓMΓNPFNP )(ψM +
√
2
12
ΓMλ) +
e−
φ
2
√
2
48
(ψ¯MΓ
MNPQRψR + 6ψ¯
NΓPψQ −
√
2ψ¯MΓ
NPQΓMλ)HNPQ}
(2.2)
In (2.1) and (2.2) κ and q are respectively the gravitational and the gauge coupling
constants. g is the determinant of the metric, R is the curvature scalar and F is
the Yang-Mills field–strength. H is the field–strength of the antisymmetric tensor,
modified by the addition of the Chern–Simons three–form [28]
H = db− κ
2
q2
ΣYM
ΣYM = Tr(A ∧ dA+ 2
3
A ∧ A ∧ A)
(2.3)
This modification is needed to ensure the invariance of the full action (including
four-fermion terms which for short have not been displayed above) under local
supersymmetry transformations.
It should be noted, however, that in order to implement the Green-Schwarz
mechanism of anomaly cancellation the standard way to proceed [1] is to add to
the definition of H the Chern–Simons three–form for the Lorentz group
⋆
ΣL = tr(ω ∧ dω + 1
3
ω ∧ ω ∧ ω) (2.4)
where ω is the Levi–Civita spin connection. This redefinition triggers a chain of fur-
ther modifications of the Lagrangian and of supersymmetry transformations which
⋆ By Tr we mean trace in the adjoint representation of the gauge group. By tr we mean trace
in the vector representation of the Lorentz group
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have been partly carried out in [9]. In particular the authors of [9] have shown that
to first order in κ2 it is necessary to add to the Lagrangian a term quadratic in the
Riemann tensor. Here one has the well known ambiguity related to the possibility
of adding terms proportional to the square of the Ricci tensor or to the curvature
scalar which vanish by the lowest order equations of motion. Our strategy will be
to solve to lowest order in α′ the equations of motion, but to include the Chern–
Simons Lorentz three–form in the definition of H , when we require the validity of
the Bianchi identities, for the sake of showing that certain supersymmetric config-
urations are in fact consistent solutions of the classical equations of motion to all
orders in α′.
In D = 10, the relation among the inverse string tension α′ (with mass dimen-
sion −2), the gravitational constant κ (with mass dimension −4) and the gauge
coupling q (with mass dimension −3) is κ2 = q2α′ for the heterotic string (or
κ = q
2
α′ for the type I superstring). As a result, in (2.1) the q-dependence can be
factorized out and reabsorbed into a redefinition of the dilaton factor, after a Weyl
rescaling of the metric. Eventually the (vacuum expectation value of the) dilaton
factor will play the role of string loop expansion parameter [29].
The procedure described above leads to the so–called σ–model variables which
in D dimensions are related to the canonical ones by the equations (capital letters
stand for σ–model variables)
GMN = e
4φ
D−2gMN , BMN = bMN , AM = AM
ΨM = e
φ
D−2 (ψM − ΓM
2
√
2
λ) Λ = e
φ
D−2λ X = e
φ
D−2χ
(2.5)
In terms of the σ–model variables the bosonic part of the lagrangian becomes [2]
LB =
√
G
2α′
e−2φ(R− 4(∂φ)2 + 1
12
H2 +
α′
2
F 2) (2.6)
where G is the determinant of the metric GMN . The Euler-Lagrange equations
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obtained by varying (2.6) are
RMN − 1
2
GMNR = α
′TMN
DM (e
−2φFMN ) = AMDP (e−2φHMNP )
DMD
Mφ+
1
6
e−2φH2 = α′{F (A)2 −R(Ω−)2}
DM (e
−2φHMNP ) = 0
(2.7)
where TMN is the total stress energy tensor and DM the fully covariant derivative.
In presence of a non-zero torsion one can define the two generalized spin connections
ΩM±AB = ωMAB ±HMAB (2.8)
where A,B are frame indices. Note that it is the generalized spin connection Ω−,
which enters in (2.7).
We look for a supersymmetric solution of the above equations whose instan-
taneous time slice is five–dimensional [7]. We split the 10 dimensional coordi-
nates {xM} in two sets: a six–dimensional one {yi; i = 0, 1, · · · , 5} and a four–
dimensional Euclidean part {xµ;µ = 0, 1, 2, 3}.⋆ We assume that the fields do not
depend on the y-coordinates and that the only non–trivial components of all tensors
are those spanning the four–dimensional transverse space. With this restriction the
sum of the dilaton, axion and vector boson euclidean stress energy tensor becomes
Tµν =
1
4
Gρσ(Fµρ + F˜µρ)(Fνσ − F˜νσ)− 1
8
Gµν((∂φ)
2 − (H˜)2)
+
1
2α′
(∂µφ+ H˜µ)(∂νφ− H˜ν) + 1
2α′
(∂µφ− H˜µ)(∂νφ+ H˜ν)
(2.9)
where the tilde indicates the dual of the field–strengths F and H .
⋆ In spite of the fact that throughout this paper we will stick to four–dimensional metrics
with Euclidean signature, we will label space–time coordinates with the index µ running
from 0 to 3
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An ansatz for the solution of the bosonic equations of motion, for which the
stress energy tensor (2.9) vanishes, is given by [6, 4, 7]
Fµν = ±F˜µν = ±1
2
√
Gεµν
ρσFρσ
Gµν = e
2φĝµν
Hµνρ = ±
√
Gεµνρ
σ∂σφ
(2.10)
with ĝµν any arbitrary Ricci flat metric. The fermionic equations of motion are
easily satisfied by setting all fermion fields equal to zero [1, 10].
In order to find under which conditions this solution is supersymmetric, we
observe that the local SUSY variations of the bosonic fields are all trivially zero,
due to the above vanishing of the background fermion fields, while for the gravitino,
dilatino and gaugino field variations one has
δψµ = (∂µ − 1
4
Ωµ+
abγab)ǫ+ α
′δ2ψµ
δλ = −1
4
(γµ∂µφ− 1
6
Hµνργ
µνρ)ǫ+ α′δ2λ
δχ = −1
4
Fµνγ
µνǫ+ α′δ2χ
(2.11)
where γµν . . . are the usual antisymmetric products of gamma matrices (see Ap-
pendix A). Greek and latin letters denote four–dimensional coordinates and frame
indices respectively. In the background we are considering the parts of the vari-
ations indicated by δ2, being quadratic in the fermi fields, are all zero. It is also
easy to see that, if we take the plus (minus) sign in (2.10) and a right-(left-)handed
spinor, ǫ, the variation of the gaugino is zero, as Fµν is (anti)self–dual. Similarly
the dilatino variation is zero, thanks to the ansatz for Hµνρ. The generalized spin
connections (with torsion) of the metric Gµν become
Ωµ±ab = ω̂µab − (êµaêbν − êaν êbµ)∂νφ±Hµab ≡ ω̂µab + wµab ±Hµab (2.12)
where hatted quantities are computed with respect to the metric ĝµν . Using the
duality relation 12ε
ab
cdwµ
cd = Hµ
ab (12ε
ab
cdwµ
cd = −Hµab), which again is a conse-
quence of the ansatz (2.10), we see that the gravitino variation may be set to zero
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if ω̂µ
ab is taken to be (anti)self–dual. With this choice Ωµ+
ab is (anti)self–dual,
while Ωµ−ab has in general no definite duality. From now on we will specialize to
the self–dual case by choosing the + sign in (2.10) and ǫ right–handed in (2.11).
To have a consistent supersymmetric solution, we must require the expressions
(2.10) for F and H to be the field–strengths of the fundamental bosonic fields,
Aµ and Bµν respectively. This amounts to impose the validity of the (modified)
Bianchi identities
dF + A ∧ F = 0
dH = α′{trR(Ω−) ∧R(Ω−)− 1
30
TrF (A) ∧ F (A)}
(2.13)
where, as we said, in dH we also have included the contribution of the Chern–
Simons Lorentz three–form. To satisfy (2.13) it is natural to relate the gauge and
spin connection through a generalized form of “standard embedding”.
Given the existence of a self–dual and an antiself–dual ’t Hooft symbol, ηiab and
η¯iab, and of two generalized spin connections, Ω±, four gauge connections could in
principle be constructed, namely
Aiµ =
1
2
ηiabΩµ−ab =
1
2
ηiabω̂µ
ab (2.14)
Aiµ =
1
2
η¯iabΩµ−ab =
1
2
η¯iab(wµ
ab −Hµab) (2.15)
Aiµ =
1
2
ηiabΩµ+
ab (2.16)
Aiµ =
1
2
η¯iabΩµ+
ab = 0 (2.17)
with i = 1, 2, 3 the index of an SU(2) subgroup of the heterotic gauge group.
Of the above four cases, the last one, (2.17), is trivial, because η¯iab and Ω+
have opposite duality. Equation (2.16) does not lead to curvatures with definite
duality, because the self–duality of Ω+ guarantees the self–duality of the Riemann
tensor Rµν
ab(Ω+) with respect to frame indices, but not necessarily with respect
12
to coordinate indices. This is easily seen by making use of the modified exchange
property of the Riemann curvature tensor
Rµν
ab(Ω+) = R
ab
µν(Ω−) = eaρebσecµedνRρσcd(Ω−) (2.18)
valid when the torsion tensor is closed, i.e. when dH = 0. Since Ω− and, hence,
R(Ω−) have no definite duality, the gauge field–strength resulting from the use of
(2.16)
F iµν =
1
2
ηiabRµν
ab(Ω+) (2.19)
is not self–dual. As for the other two possibilities, (2.14) and (2.15), they are
both good starting points for a perturbative (with respect to α′) solution of the
equations of motion. To enforce the vanishing of α′ corrections (at least up to
second and third order) the condition dH = 0 must be enforced. This requires the
validity of the relation
trR(Ω−) ∧ R(Ω−) = 1
30
TrF (A) ∧ F (A) (2.20)
which is not satisfied in general, unless one further restricts either the form of the
metric ĝµν and/or the expression of the dilaton.
The first possibility has been considered in [6] and [4] with the conclusions
that the non conformal part of the metric must be flat (in our notations this means
ĝµν = δµν) and that, given the form of the supersymmetric ansatz (2.10) for H , the
Bianchi identity, dH = 0, requires the dilaton factor to obey the Laplace-Beltrami
equation in flat background, i.e.
e−2φ∂µ∂µe2φ = 0 (2.21)
In this paper we would like to concentrate on the second option. The choice
(2.14) is consistent with the identification of F with R(Ω−) implied by (2.20), only
if the dilaton is constant and the torsion is zero. In this case, the solution (2.10) is
completely specified by the choice of a self–dual metric ĝµν .
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In sect. 2.2 we will prove that the class of solutions found in [4] (corresponding
to the choice (2.15)) are “dual” in the sense of [13] to the class of solutions of our
interest here.
To make more explicit the ansatz (2.10) we will specify the form of the self–dual
background metric, ĝµν . Several classes of self–dual metrics are known in literature
[18, 30]. We will concentrate on Asymptotically Locally Euclidean metrics. Our
main motivation is that for generic (even not self–dual) ALE metrics the euclidean
Einstein-Hilbert action is conjectured to be semipositive definite [31]. This is
of course a necessary prerequisite for the sake of giving a mathematically sound
definition of a quantum theory of gravity in terms of functional integrals.
Geometrical properties of four–dimensional ALE manifolds are well known in
literature [18] and are recalled for completeness in Appendix B.
2.2. World–sheet Interpretation of heterotic ALE instantons
In this section we would like to give a world–sheet interpretation to the prop-
agation of the string in the heterotic ALE instanton backgrounds we have pre-
viously described, that is to say, we want to study the corresponding σ–models
which describe the propagation of the string degrees of freedom associated to the
four–dimensional Euclidean x–space.
Apart from the bosonic coordinates of the string, denoted by Xµ, one has to
consider their superpartners, Ψµ, which from the two–dimensional point of view
are left–handed fermions, and, in order to include the extra heterotic degrees of
freedom, four additional right–handed fermions, which we denote by Λ¯a.
The action of the two–dimensional σ–model describing the propagation of the
heterotic string in a background with metric Gµν , antisymmetric tensor Bµν and
gauge fields Aiµ is given by [2, 3]
S =
1
4πα′
∫
dzdz¯{Gµν(X)∂Xµ∂¯Xν +Bµν(X)∂Xµ∂¯Xν
+ iGµν(X)Ψ
µD¯−Ψν + iδabΛ¯aD+Λ¯b + F iµν(A)ηiabΨ
µΨνΛ¯aΛ¯b}
(2.22)
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where the covariant derivatives are defined by (∂ = ∂z, ∂¯ = ∂z¯)
D¯−Ψa = ∂¯Ψa + Ωabν−∂¯X
νΨb
D+Λ¯
b = ∂Λa + Aiνηi
ab∂XνΛb
(2.23)
with Ωabν− = ω̂νab − Hνab the spin connection with torsion. In (2.22) we have
neglected the dilaton term [29], because it is of higher order in α′.
When the metric is hyperka¨hlerian [32, 8], the σ–model (2.22) is invariant
under extended supersymmetries. In particular this is true, if one takes Gµν to
be an ALE metric and sets Bµν to zero, as in the solution of our interest here.
Besides the usual left–handed supersymmetry which on the bosonic coordinates
Xµ induces the transformation
δXµ = ǫ(0)Ψµ (2.24)
(2.22) is invariant under three extra supersymmetries [8] whose action on the Xµ
is
δXµ = ǫ(i)Ji
µ
νΨ
ν i = 1, 2, 3 (2.25)
with the J ’s the three covariantly constant complex structures defined in (B.4).
All of this is in agreement with the known result that non-linear σ–models on
hyperka¨hler manifolds (a class of manifolds which includes four–dimensional ALE
manifolds, see Appendix B) admit four left–handed supersymmetries. Actually,
thanks to (2.14), (2.22) admits four right–handed extra supersymmetries which
can be exposed by interpreting the fermions Λ¯a as (frame components of) right–
handed superpartners of the Xµ. Indeed it can be shown that (2.22) is invariant
also under the four additional supersymmetric transformations whose action on
the Xµ is
δXµ = ǫ¯(A)J¯A
µ
νE
ν
aΛ¯
a A = 0, 1, 2, 3 (2.26)
where the Eνa are the components of the σ–model tetrad and J¯0
µ
ν = δ
µ
ν .
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This proves that (2.22) with the standard embedding (2.14) and constant dila-
ton has N = (4, 4) supersymmetries on the world–sheet. An analogous observation
was made in [6, 4] with the conclusion that lowest order solutions of the string equa-
tions of motion, built from the standard embedding (2.15), are exact solutions to
all orders in α′, because of the expected absence of radiative corrections in the
corresponding two–dimensional N = (4, 4) σ–models.
In fact the authors of [6] could even go further and exhibit, in the limiting
case of an asymptotically vanishing dilaton, an exact conformal field theory which
describes the string propagation on a semi-wormhole geometry coupled to a ’t Hooft
instanton with winding number ν = 1. From now on we will call this solution the
CHS solution.
The main difference between the heterotic ALE solutions we have described in
sect. 2.1 and the CHS solution lies in the non triviality of the metric. Since the
conformal factor of the σ–model metric of the CHS solution is the exponential of
the dilaton field, the corresponding “canonical” metric is flat.
⋆
In this case, even
in the presence of a non vanishing axionic torsion, as it happens with the ansatz
(2.10), no gravitino zero–modes are expected which could give rise to a non trivial
gravitino condensate.
In the sense of Buscher’s duality [13] ALE instantons or, more in general, self–
dual multi–center metrics are tightly related to the multi–monopole solutions of
[4]. Starting from the fact that the dilaton of the multi-monopole solution has
exactly the form of the potential V (~x) in the Gibbons–Hawking metric (B.1) (see
(B.3)), one can go from the self–dual multi–center metrics to the conformally flat
multi–monopole solutions.
Duality with respect to both abelian and non-abelian isometries for self–dual
metrics have already been considered [33]. Without going into details and referring
directly to [13, 33], one can show that a σ–model such as (2.22) can be related to
⋆ For product spaces, like (M4 ⊗M6), with block diagonal metrics, as the ones we are con-
sidering here, the appropriate Weyl rescalings are given by (2.5) with D = 4
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a dual σ–model by exploiting the existence of isometries of the initial metric. In
the case of the multi–center metric (B.1) the relevant U(1) isometry is generated
by the Killing vector ∂
∂τ
. The formulae for the transformation to the dual metric,
dilaton and antisymmetric tensor fields are given by
GD00 =
1
G00
, GD0i =
B0i
G00
, GDij = Gij −
1
G00
(G0iB0j +G0jB0i)
BD0i =
G0i
G00
, BDij = Bij +
1
G00
(G0iB0j −G0jB0i)
ΦD = Φ− 1
2
log(G00)
(2.27)
where D stands for dual. The index 0 refers to the cyclic coordinate τ , while the
index i is relative to the other three cartesian coordinates, xi. Using the explicit
expression of the metric (B.1), which is already expressed in adapted coordinates,
one gets
GD00 = V (~x), G
D
0i = 0, G
D
ij = V (~x)δij
BD0i = ωi, B
D
ij = 0
ΦD = Φ0 +
1
2
log(V (~x))
(2.28)
The gauge field ADµ is still obtained by using the standard embedding equation,
whose validity is preserved by the duality transformation. As it is evident from
(2.28), the dual metric is conformally flat with a conformal factor which exactly
equals the exponential of the dilaton. Thus, as announced, the canonical metric
turns out to be flat, all the non triviality of the solution being tranferred to the
dilaton-axion system. It is nice to see that, thanks to the standard embedding and
the peculiar form of multi–center metric following from (B.2), the dilaton-axion
system satisfies the condition for a supersymmetric background, i.e.
HDµνρ =
√
GDεµνρ
σ∂σΦ
D
and that the resulting gauge field–strength FDµν is self–dual.
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For ǫ = 1 the dual backgrounds coincide with the multi-monopole solutions
found in [4], which in this way appear to be dual to Euclidean multi-Taub-NUT
spaces. Connections on Euclidean multi-Taub-NUT spaces are self–dual and admit
a “standard embedding”, similarly to ALE spaces [11]. Notice, however, that multi-
Taub-NUT spaces are asymptotically Euclidean only in three directions.
Even if the solutions we have discussed above are conjectured to be exact
solutions to all orders in α′, it seems very difficult to find an exact “algebraic”
conformal field theory which would describe the string propagation on these self–
dual backgrounds (and their dual theories) at generic point of their moduli space.
Further duality transformations with respect to non-abelian isometries [33] do not
seem to give any clue for the solution of the problem.
In spite of these difficulties, σ–models with ALE instanton backgrounds in a
particular singular limit, have been identified with solvable |C2/Γ orbifold confor-
mal field theories, Γ being a Kleinian subgroup of SU(2) [34]. In order to recover
the propagation of the string on a smooth manifold one must perturb the orb-
ifold conformal field theory along the “truly marginal deformations” given by the
moduli of the (orbifold) background. The authors of [34] have shown that there
exists a precise correspondence between the “short representations” of the N = 4
superconformal algebra and the moduli of metric and antisymmetric tensor, al-
though they have not been able to determine the exact transformation connecting
“geometric” and “σ–model” bases. Notice that models perturbed along marginal
directions correspond to superconformal field theories with c = (6, 6) (which is the
value of the conformal anomaly of four flat supercoordinates).
In the construction of a solution to the classical equations of motion of the
D = 10 heterotic (or type I) superstring theory, we have been, so far, rather
cavalier about the dynamics and the geometry of the extra six dimensions, {yi; i =
0, 1, · · · , 5}. On this question we essentially have two alternatives. One is to
interpret our four–dimensional ALE solutions in terms of the propagation of a flat
five-brane in a five–dimensional space–time, y0 being the time coordinate. In this
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picture the complete ten–dimensional solution would correspond to an N = (4, 4)
σ–model, whose action is the sum of a non trivial part (eq. (2.22)) plus a free part
describing the dynamics of the six–dimensional y–coordinates. In this case the
four–dimensional effective field theory will have N = 2 space–time supersymmetry.
Alternatively, in view of a possible application to the study of dynamical SUSY
breaking, it seems more appealing to interpret our heterotic ALE instantons as so-
lutions of the Euclidean equations of motion of a D = 4, N = 1 effective supersym-
metric theory. In this case the six–dimensional space is taken to be a Calabi-Yau
threefold. The corresponding internal conformal field theory has N = (2, 2) su-
persymmetry. The spectrum of massless fields is consequently enlarged, but if we
embed the istantonic SU(2) group in the hidden E(8), the ALE solution would still
remain a solution of the equations of motion. In fact the ALE solution only in-
volves space–time fields arising from the universal (“identity”) sector of the internal
superconformal field theory which is independent of the details of the compactifi-
cation.
2.3. A Particular Solution: the Heterotic Eguchi–Hanson instan-
ton
In the previous subsection we have found a general class of solutions of the
effective low energy theory arising from the underlying heterotic string theory. We
now specialize our solution to the Eguchi–Hanson gravitational instanton [17] which
corresponds to a two center metric (k = 1) with ǫ = 0 and m = 12 in (B.3). Placing
the two centers, ~x1, ~x2, symmetrically along the z axis, at a distance |~x1−~x2| = a
2
4 ,
and performing the change of variables (~x ≡ (x, y, z)) [35]
x =
u2
8
sin θ cosψ z =
r2
8
cos θ
y =
u2
8
sin θ sinψ τ = 2ϕ
(2.29)
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the line element (B.1) can be cast in the form
ds2 = ĝµνdx
µdxν =
dr2
1− (a
r
)4
+ r2(σ2x + σ
2
y + (1− (
a
r
)4)σ2z) (2.30)
where the radial variable is constrained by r ≥ a and we have introduced the
definition u = r
√
1− (a
r
)4, 0 ≤ u ≤ ∞. The σ’s are the left-invariant one–forms
of the SU(2) group and are defined in Appendix A. The global topology of the
EH manifold, MEH , is that of T
∗(S2) (the cotangent bundle over the Riemann
two-sphere). The slices at fixed r have the topology of a distorted sphere (at
r ≈ aMEH ≈ R2 × S2, at r ≈ ∞MEH ≈ R × S3/Z2) with points, antipodal
with respect to the origin, identified. This identification is necessary to remove the
(apparent) “bolt” singularity at r = a. The boundary at ∞ is a real projective
space, i.e. RP3 = S
3/Z2.
The group of isometries of MEH is the subgroup SU(2)R ⊗ U(1)L of the Eu-
clidean Lorentz group, O(4) ≈ SU(2)R ⊗ SU(2)L. The generators of SU(2)R ⊗
U(1)L are given in terms of the four linearly independent Killing vectors, ξ¯
µ
(i), i =
1, 2, 3 and ξµ(3) (see (A.15), (A.19)), by the formulae
ξ¯µ
(1)
∂µ = (sinϕ
∂
∂θ
− cosϕ
sin θ
∂
∂ψ
+
cos θ cosϕ
sin θ
∂
∂ϕ
),
ξ¯µ(2)∂µ = −(cosϕ
∂
∂θ
+
sinϕ
sin θ
∂
∂ψ
− cos θ sinϕ
sin θ
∂
∂ϕ
),
ξ¯µ
(3)
∂µ =
∂
∂ϕ
,
ξµ
(3)
∂µ =
∂
∂ψ
(2.31)
where 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, 0 ≤ ψ ≤ 2π. The restricted range of ψ is related to
the Z2 identification of antipodal points mentioned above. Indeed referring to the
relation (A.13) between cartesian and spherical coordinates, it is immediately seen
that the identification of points having ψ differing by (multiples of) 2π implies the
identification of the points of the manifold that have opposite coordinates.
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For completeness we also report the definition of the generators of the coset
space SU(2)L/U(1)L
ξµ
(1)
∂µ = (sinψ
∂
∂θ
− cosψ
sin θ
∂
∂ϕ
+
cos θ cosψ
sin θ
∂
∂ψ
)
ξµ(2)∂µ = −(cosψ
∂
∂θ
+
sinψ
sin θ
∂
∂ϕ
− cos θ sinψ
sin θ
∂
∂ψ
)
(2.32)
These operators correspond to global symmetries of the classical lagrangian, broken
by the EH background.
The EH tetrad one–forms are
ea ≡ eaµdxµ = {
r
u
dr, rσx, rσy, uσz} (2.33)
The self–dual spin connection one–forms, ωab ≡ ωabµ dxµ = 12ǫabcdωcd, are related,
thanks to (2.14), to the gauge connection one–forms, Ai ≡ Aiµdxµ (i = 1, 2, 3 is
the index of the SU(2) adjoint representation). Using (2.30), one explicitely finds
ω10 = ω23 =
1
2
A1 =
u
r
σx
ω20 = ω31 =
1
2
A2 =
u
r
σy
ω30 = ω12 =
1
2
A3 =
uu′
r
σz
(2.34)
where the prime means derivative with respect to r. For later use, we notice the
identity
i
2
Akµσk =
1
4
ωabµ σab (2.35)
which immediately follows from (2.14) and (A.4), i.e. from the fact that through
(2.14) we are identifying the gauge connection, Ai, which belongs to the adjoint
representation of the instantonic SU(2) with the spin connection, ωab, which simi-
larly belongs to the adjoint representation of the SU(2)L subgroup of the Euclidean
Lorentz group.
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We furthermore introduce the coefficient functions, a(k), defined by
Akµ = a
(k)ekµ k = 1, 2, 3 (2.36)
From (2.33) and (2.34) one explicitly gets
a(1) = a(2) =
2u
r2
a(3) =
2u′
r
(2.37)
Finally we record the expressions of the curvature two–forms, Rab ≡ 12Rabµνdxµdxν
and F i ≡ 12F iµνdxµdxν
R10 = R23 =
1
2
F 1 =
2
r2
(
a
r
)4(e0 ∧ e1 − e2 ∧ e3)
R20 = R31 =
1
2
F 2 =
2
r2
(
a
r
)4(e0 ∧ e2 − e3 ∧ e1)
R30 = R12 =
1
2
F 3 = − 4
r2
(
a
r
)4(e0 ∧ e3 − e1 ∧ e2)
(2.38)
3. Index Theorems for the Heterotic Eguchi–Hanson Instanton
In this section we want to study the topological properties of the particular
ALE solution, the heterotic EH instanton, described in sect. 2.3, and compute
the indices of all relevant wave operators, using standard formulae from index
theorems.
For the gravitational part all topological invariants have been computed in [18,
36]. The Euler characteristic, χ, has both a “bulk” and a “boundary” contribution
and it is given by the formula
χ =
1
32π2
∫
M
εabcd(Rab ∧Rcd)− 1
16π2
∫
∂M
εabcd(θab ∧ Rcd − 2
3
θab ∧ θce ∧ θed) (3.1)
with θab the second fundamental forms of the Lorentz group i.e. the difference
between the spin connection of the original metric, computed on the boundary,
and the spin connection obtained from the boundary product-metric.
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If we take M = MEH
⋆
, the boundary, ∂M , will be represented by a slice at
r = r0, which in the end we will have to send to∞. Since the EH metric factorizes
on ∂M one easily gets
θ01 = −(1− ( a
r0
)4)
1
2σx
θ02 = −(1− ( a
r0
)4)
1
2σy
θ03 = −(1 + ( a
r0
)4)σz
θ12 = θ23 = θ31 = 0
(3.2)
It follows from (3.1) and (3.2)
χEH =
3
2
+
1
2
= 2 (3.3)
The Hirzebruch signature, τ , receives contribution only from the “bulk” and it
is given by
τ = − 1
24π2
∫
M
tr(R ∧ R) = b+2 − b−2 (3.4)
τ represents the difference between the number of normalizable antiself–dual and
self–dual harmonic two–forms in the manifold. For the EH case one gets
τEH = −1 (3.5)
The number of (left–handed) gravitino zero–modes, ψαµ , i.e. the number of solutions
of the equation
ǫλµνρσ¯µDνψρ = ǫ
λµνρσ¯µ(∂ν +
1
4
ων
abσab)ψρ = 0 (3.6)
turns out to be 2|τ | = 2 in the EH case. The explicit expression of the two gravitino
zero–modes will be presented in sect. 4.
⋆ From now on throughout this section the subscript EH on M will always be understood
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The Dirac equation for the gauge-singlet (left-handed) dilatino field, λα,
/
D
S
λ ≡ σ¯µDµλ ≡ σ¯µ(∂µ + 1
4
ωµ
abσab)λ = 0 (3.7)
has no normalizable solutions. This result immediately follows from the observation
that in the Ricci-flat EH background
/
D
S
/
D
S
|EH = (D2 + 1
8
Rµνabσ
µνσab)|EH = D2|EH
if one remembers that in a non-compact background the equation D2φ = 0 has no
normalizable solutions.
Finally the expression of the Dirac operator acting on the (left–handed) gaug-
ino, χα, is
/
DχI = σ¯µ{(∂µ + 1
4
ωµ
abσab)δ
I
K +
i
2
f IJKA
J
µ}χK = 0 (3.8)
where fIJK are the structure constants of the gauge group.
Since the istanton lives in an SU(2) subgroup of the heterotic E(8)⊗E(8) (or
SO(32)) group, it is necessary to decompose its adjoint representation in terms
of representations of the istantonic SU(2). As we have argued in sect. 2.2, it is
convenient to embed the instantonic SU(2) in the “hidden” E(8). By decomposing
this E(8) with respect to its maximal subgroup, SU(2)⊗E(7), the 248–dimensional
adjoint representation of E(8) breaks as
248 = (3, 1)⊕ (2, 56)⊕ (1, 133) (3.9)
We see that, for the maximal embedding we are considering here, only the fun-
damental and the adjoint representations of SU(2) come into play. The Dirac
equation for the singlet representation is identical to (3.7) and, as stated above,
has no normalizable solutions.
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In order to find the number of zero–modes of the gaugino in the fundamental
and in the adjoint representation of SU(2) we recall the general formula for the
index, ind(
/
D
V
,M, ∂M), of the Dirac operator,
/
D
V
, coupled to the spin bundle over
the manifold M tensored with a vector bundle V . For our purposes, the Yang-
Mills connection on V will be eventually identified with the spin connection. The
formula for ind(
/
D
V
,M, ∂M) reads
ind(
/
D
V
,M, ∂M) =
dimV
192π2
[
∫
M
tr(R ∧R)−
∫
∂M
tr(θ ∧ R)]− 1
8π2
[
∫
M
trV (F ∧ F )
−
∫
∂M
trV (α ∧ F )]− 1
2
[η(
/
D
V
, ∂M) + h(
/
D
V
, ∂M)]
(3.10)
In (3.10) there are three kinds of contributions. Contributions from the “bulk”
which involve only the curvatures R and F . Local boundary contributions, which
besides R and F involve the corresponding second fundamental forms, θ and α,
on ∂M . Finally there are non-local boundary contributions given in terms of two
invariants, h(
/
D
V
, ∂M) and η(
/
D
V
, ∂M).
The η(
/
D
V
, ∂M)-invariant is the analytic continuation to s = 0 of the meromor-
phic function η(
/
D
V
, ∂M, s) defined for ℜ(s) > 2 by
η(
/
D
V
, ∂M, s) =
∑
λ 6=0
|λ|−ssignλ =
∑
λ>0
λ−s −
∑
λ<0
(−λ)−s (3.11)
with λ’s the non–zero eigenvalue of
/
D
V
|∂M . We remark that η(
/
D
V
, ∂M) is left
invariant by multiplication of the λ’s by arbitrary positive real numbers and hence,
in particular, by a conformal rescaling of the metric on ∂M .
The “harmonic correction” h(
/
D
V
, ∂M) represents the number of zero eigenval-
ues of the Dirac operator on the boundary,
/
D
V
|∂M and coincides with the dimen-
sion of the space of the harmonic functions of the operator D2V restricted to the
boundary.
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Let’s start the actual computation with the two “bulk” contributions. The first
term in (3.10) is immediately evaluated using (3.4). The calculation of
∫
M
trV (F ∧
F ) is reduced to the previous one by observing that the embedding (2.14) implies
2 tr2F ∧ F = trR ∧ R (3.12)
and that for the SU(2) generators in the representation R one has the identity
trR(T
aT b) =
2
3
t(t+ 1)(2t+ 1)tr2(T
aT b) (3.13)
with dimR = 2t+ 1. Combining these results, one finds
ind(
/
D
V
,M, ∂M)bulk = 3[
2t+ 1
24
− 1
3
t(t+ 1)(2t+ 1)] (3.14)
We will use this formula for t = 12 , 1 recalling (see (3.9)) that the adjoint represen-
tation of E(8) contains one triplet and 56 doublets when decomposed with respect
to the istantonic SU(2).
As for the boundary contributions, the local terms vanish because by explicit
computation the integrands go to zero, as r0 go to ∞, faster than the integration
measure. We now turn to the non-local boundary terms. As we shall see, the Dirac
operator on the boundary has no zero eigenvalues implying
h(
/
D
V
, ∂M) = 0 (3.15)
In order to compute the η-invariant, following [37], it is convenient to separate
the Dirac operator on ∂M into two terms, a gauge singlet part, in which only the
singlet boundary Dirac operator,
/
D
S
|∂M , appears and a gauge non–singlet part.
The singlet Dirac operator on the boundary has the form
−i/D
S
|∂M = −iτpeip(∂i +
1
4
ωi(∂M)
pqτpτq) (3.16)
where i, p, q = 1, 2, 3, a = 0, 1, 2, 3 and the subscript (∂M) is to remind that the
spin connection, ω, is computed on ∂M , i.e. on a slice of constant r = r0 (to be
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sent to ∞ at the end of the calculations). The appearance of the Pauli matrices,
τp, follows from the last equation in the formula (A.2). A semplification arises
from the factorization property of the EH metric on the boundary, which imply
the equations
ω(∂M)
pq ≡ ωi(∂M)pqdxi = ωµ(M)pqdxµ|∂M (3.17)
In fact together with the obvious vanishing of the components ωi(∂M)
0p, the above
formulae allow us to write
−i/D
S
|∂M = −iτpeip(∂i +
1
8
ωi(M)
ab|∂Mσaσb) (3.18)
so that the expression of the Dirac operator on the boundary, ∂M , appears as
that of a (three–dimensional) Dirac operator in which the spin connection part is
effectively that of the manifold M , only restrited to ∂M , i.e. computed at r = r0.
To get the explicit expression of (3.18) we first rewrite it in the form
−i/D
S
|∂M = −iτpeip(∂i +
1
2
(
i
2
Aki σk)) (3.19)
having used (2.35). Then from the identity
1
4
τpeipA
k
iσk =
1
4
3∑
i=1
a(i), (3.20)
which follows from (2.35), and the explicit expressions of the coefficients, a(i), given
in (2.37), (3.19) finally becomes
−i/D
S
|∂M = 2
(
L3 L−
L+ L3
)
+
3
2
(
1 0
0 1
)
(3.21)
where the differential operators L± and L3 are defined in Appendix A.
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Using the previous notations, one finds, with a little algebra, for the boundary
Dirac operator in the doublet representation
−i/D
2
|∂M =
(
−i/D
S
0
0 −i/D
S
)
+
(
τ3 τ1 − iτ2
τ1 + iτ2 −τ3
)
(3.22)
To lighten the notation we have dropped the subscript ∂M on
/
D
S
inside the matrix
in the r.h.s. of (3.22). The very form of −i/D
2
|∂M suggests that we solve the
eigenvalue equation
−i/D
2
|∂MΨ = λΨ (3.23)
by expanding Ψ in terms of the SU(2) rotation matrices, Dln,m(θ, φ, ψ), whose
definition is recalled in Appendix A. In this way the infinite dimensional eigenvalue
problem for the differential operator
/
D
2
|∂M becomes a finite dimensional eigenvalue
problem for a 4x4 matrix with non-vanishing determinant. This fact implies λ 6= 0,
thus the validity of equation (3.15).
For generic, fixed, values of l, n and m (notice that the index m is not acted
upon by the operator (3.22)) there are four distinct eigenvectors that may be
written in the form
Ψ
(i)l
n,m =

c
(i)
1 D
l
n−1,m
c
(i)
2 D
l
n,m
c
(i)
3 D
l
n,m
c
(i)
4 D
l
n+1,m
 i = 1, 2, 3, 4 (3.24)
with suitable coefficients, c
(i)
k , whose explicit expression we will not need here.
Given the restrictions on the allowed values of n andm following from the definition
of the Dln,m, the form (3.24) of the eigenvectors will retain its validity only if l 6= 0,
|m| ≤ l and |n| ≤ l − 1, because otherwise some of the entries in (3.24) will loose
their meaning. We will discuss separately these limiting cases below.
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The four eigenvalues corresponding to the four eigenvectors (3.24) are
λ
(1)l
n,m = 2l +
5
2
λ
(3)l
n,m = −2l + 1
2
λ
(2)l
n,m = 2l +
1
2
λ
(4)l
n,m = −2l − 3
2
(3.25)
All of them have identical multiplicity, d, equal to the product of the degeneracies
of the values of the two “magnetic” indices, allowed by the form (3.24) of the
eigenvector Ψ
(i)l
n,m, i.e. d = dmdn = (2l + 1)(2l− 1).
As we mentioned above, besides the eigenvectors and eigenvalues given by
(3.24) and (3.25) there are few exceptional cases in which either l = 0 or n violates
the restriction |n| ≤ l− 1. For l 6= 0 the proper form of the eigenvector is obtained
by setting to zero in the expression (3.24) the entries which loose meaning when
n takes the limiting values n = ±l or n = ±(l + 1). For l = 0 all the entries in
(3.24) should be taken as θ, φ, ψ -independent constants. In detail one has
(i) n = l + 1
The last three entries in (3.25) have to be set to zero: 1 eigenvector, Ψll+1,m,
with eigenvalue 2l + 52 and multiplicity d = 2l + 1;
(ii) n = −l − 1
The first three entries in (3.25) have to be set to zero: 1 eigenvector, Ψl−l−1,m,
with eigenvalue 2l + 52 and multiplicity d = 2l + 1;
(iii) n = l
The last entry in (3.25) has to be set to zero: 3 eigenvectors, Ψ
(k)l
l,m , k = 1, 2, 3,
with eigenvalues 2l + 52 , 2l +
1
2 ,−2l − 32 , all with multiplicity d = 2l + 1;
(iv) n = −l
The first entry in (3.25) has to be set to zero: 3 eigenvectors, Ψ
(k)l
−l,m, k =
1, 2, 3, with eigenvalues 2l+ 52 , 2l+
1
2 ,−2l− 32 , all with multiplicity d = 2l+1;
(v) l = 0
2 constant eigenvectors with eigenvalues 52 ,−32 and multiplicity d = 3, 1
respectively.
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We are now in position to compute η(
/
D
2
, ∂M) using formula (3.11). We first
notice that the identification of antipodal points in the EH manifold forces the sum
over the angular momentum, l, implicit in (3.11), to run only over integral values.
The contribution from l = 0 is easily evaluated and gives
η(
/
D
2
, ∂M, s)l=0 =
3
(52)
s
− 1
(32)
s
(3.26)
A little more work is necessary to compute the contribution from l 6= 0 which turns
out to be
η(
/
D
2
, ∂M, s)l 6=0 =
1
2s
∞∑
l=1
[
(2l + 1)(2l + 3)
(l + 54)
s
+
(2l + 1)2
(l + 14)
s
− (2l + 1)
2
(l + 34)
s
− (2l + 1)(2l − 1)
(l − 14)s
]
=
1
2s
[4ζ(s− 2, 9
4
)− 2ζ(s− 1, 9
4
)− 3
4
ζ(s,
9
4
) +
3
4
ζ(s,
3
4
)
+ 4ζ(s− 2, 5
4
) + 2ζ(s− 1, 5
4
) +
1
4
ζ(s,
5
4
)− 4ζ(s− 2, 7
4
)
+ 2ζ(s− 1, 7
4
)− 1
4
ζ(s,
7
4
)− 4ζ(s− 2, 3
4
)− 2ζ(s− 1, 3
4
)]
(3.27)
The sum of the various Riemann zeta functions in (3.27) is evaluated by using the
known relation between the Riemann zeta functions and the Bernoulli polynomials,
which reads ζ(−n, q) = −Bn+1(q)
n+1 . Adding (3.26) to (3.27) and taking the limit
s→ 0, one gets for the η-invariant
η(
/
D
2
, ∂M) = η(
/
D
2
, ∂M)l=0 + η(
/
D
2
, ∂M)l 6=0 = 2− 5
2
= −1
2
(3.28)
Inserting (3.14), (3.15) and (3.28) in (3.10), we finally find
ind(
/
D
2
,M, ∂M) = −1 (3.29)
The equality of ind(
/
D
2
,M, ∂M) with the value (3.5) of the Hirzebruch signature
can be traced back to the observation that, for the doublet representation, isospin
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1
2 and spin
1
2 can be combined together to get a total spin of 1 or 0. We can then
compute the index of the Dirac operator in the doublet representation by relating
it to a formula (to be found in [18]) that gives the index of the generalized Dirac
operator acting on “spinorial forms” of left–handed spin m2 and right–handed spin
n
2 . These “spinorial forms” are sections of a spin bundle which is the symmetric
tensor product of m copies of the elementary spin bundle of a left–handed spinor
and of n copies of the elementary spin bundle of a right–handed spinor. In the EH
case this formula reduces to
ind(
/
D
(m
2
,n
2
)
) =
1
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(m+ 1)(n+ 1)[(−1)m − (−1)n]
+
(m+ 1)(n+ 1)
240
[m(m+ 2)(3m2 + 6m− 14)
− n(n+ 2)(3n2 + 6n− 14)]τ
(3.30)
A straightforward application of (3.30) leads indeed to the results ind(
/
D
(1,0)
) = τ
and ind(
/
D
(0,0)
) = 0.
The above observation will be exploited in the next section, where we will
find the explicit form of the (left–handed) doublet zero–mode. Since no right–
handed zero–modes are expected in a self–dual background such as the heterotic
EH instanton, the unique doublet zero–mode should be identified with the one
obtainable from the (unique, |τEH| = 1) normalizable closed self–dual two–form
existing on the EH manifold.
The calculation of ind(
/
D
3
,M, ∂M) can be performed in complete analogy with
the previous case. In order to separate the angular momentum dependence, instead
of using the standard form of the generators in the adjoint representation, (T i)jk =
−i(εi)jk, it turns out to be more convenient to diagonalize T 3 and write
T 3 =
 1 0 00 0 0
0 0 −1
 , T 1 = 1√
2
 0 −1 0−1 0 1
0 1 0
 , T 2 = 1√
2
 0 i 0−i 0 −i
0 i 0

(3.31)
The Dirac operator which will now act on a spinor of the form ~Ψ = (Ψ1,Ψ2,Ψ3)
31
with Ψk, k = 1, 2, 3, two-component spinors, takes the form
−i/D
3
|∂M =
−i
/
D
S
0
0 −i/D
S
0
0 0 −i/D
S
+ 2
 2τ3 −τ− 0−τ+ 0 τ−
0 τ+ −2τ3
 (3.32)
where τ+ =
√
2(τ1 + iτ2), τ− =
√
2(τ1 − iτ2).
For generic, fixed, values of l,m and n, with l 6= 0, |m| ≤ l and−l+1 ≤ n ≤ l−2
(seven special cases will have to be considered separately), there are six distinct
eigenvectors. They have the form
Ψ
(i)l
n,m =

c
(i)
1 D
l
n−1,m
c
(i)
2 D
l
n,m
c
(i)
3 D
l
n,m
c
(i)
4 D
l
n+1,m
c
(i)
5 D
l
n+1,m
c
(i)
6 D
l
n+2,m

i = 1, . . . , 6 (3.33)
with suitable coefficients, c
(i)
k , whose explicit expression we will not need here. The
corresponding six eigenvalues are
λ
(1)l
n,m = 2l +
7
2
λ
(4)l
n,m = −2l − 5
2
λ
(2)l
n,m = 2l +
3
2
λ
(5)l
n,m = −2l − 1
2
λ
(3)l
n,m = 2l − 1
2
λ
(6)l
n,m = −2l + 3
2
(3.34)
all with identical multiplicity, d, equal to the product of the degeneracies of the
values of the two “magnetic” indices, allowed by the form (3.33) of the eigenvector
Ψ
(i)l
n,m, i.e. d = dmdn = (2l + 1)(2l − 2).
The seven special cases in which some of the entries of (3.33) loose meaning
are separately listed below.
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(i) n = l + 1
The last five entries in (3.33) have to be set to zero: 1 eigenvector, Ψll+1,m,
with eigenvalue 2l + 72 and multiplicity d = 2l + 1;
(ii) n = −l − 2
The first five entries in (3.33) have to be set to zero: 1 eigenvector, Ψl−l−2,m,
with eigenvalue 2l + 72 and multiplicity d = 2l + 1;
(iii) n = l
The last three enties in (3.33) have to be set to zero: 3 eigenvectors, Ψ
(k)l
l,m , k =
1, 2, 3, with eigenvalues 2l+ 72 , 2l+
3
2 ,−2l− 52 , all with multiplicity d = 2l+1;
(iv) n = −l − 1
The first three entries in (3.33) have to be set to zero: 3 eigenvectors,
Ψ
(k)l
−l−1,m, k = 1, 2, 3, with eigenvalues 2l +
7
2 , 2l +
3
2 ,−2l − 52 , all with multi-
plicity d = 2l + 1;
(v) n = l − 1
The last entry in (3.33) has to be set to zero: 5 eigenvectors, Ψ
(k)l
l−1,m, k =
1, . . . , 5, with eigenvalues 2l + 72 , 2l +
3
2 , 2l − 12 ,−2l − 12 ,−2l − 52 , all with
multiplicity d = 2l + 1;
(vi) n = −l
The first entry in (3.33) has to be set to zero: 5 eigenvectors, Ψ
(k)l
−l,m, k =
1, . . . , 5 with eigenvalues 2l + 72 , 2l +
3
2 , 2l − 12 ,−2l − 12 ,−2l − 52 , all with
multiplicity d = 2l + 1;
(vii) l = 0
2 constant eigenvectors with eigenvalues 72 ,−52 and multiplicity d = 4, 2
respectively.
Putting all these results together, we get η(D3, ∂M) =
3
4 and finally
ind(
/
D
3
,M, ∂M) = ind(
/
D
3
,M, ∂M)bulk − 3
8
= −45
8
− 3
8
= −6 (3.35)
Exactly six left–handed zero–modes should be found for the triplet Dirac operator
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in the heterotic EH instanton, because no right–handed zero–modes are expected
in a self–dual background. Their explicit expressions as well as those of all the
bosonic and fermionic zero–modes will be given in the next section.
4. Zero–modes and Their Geometrical Interpretation
In this section we will present the explicit form of the zero–modes of the wave
operators that control the quadratic fluctuations of the lagrangian (2.1), (2.2),
expanded around the heterotic EH instantonic classical solution we have discussed
in sect. 2.3.
These calculations are propaedeutical to any computational scheme which is
intended to extend the instanton calculus, developed in globally supersymmetric
theories, to the case of supergravity [26]. With an eye to future applications [27]
to semi-classical instanton calculations, we will give the explicit expression of the
fermionic and bosonic zero–modes in the the gauge-fixed form most appropriate
for this purpose. The natural choice for the gauge-fixing of the functional integral
[19, 20, 23, 27] induce the following gauge conditions on the gauge vector, graviton
and gravitino zero-modes:
(i) background transversality for the gauge zero–modes;
(ii) background transversality and tracelessness for the graviton zero–modes;
(iii) background γ-tracelessness for the gravitino zero–modes.
As is well known, zero–modes of the bosonic fields are in one to one corre-
spondence with the collective coordinates or moduli of the classical solution. They
correspond to explicit parameters appearing in the instantonic solution or to clas-
sical symmetries which are broken by it. Zero–modes of the fermionic fields are
associated to the superpartners of the bosonic collective coordinates. We present
in the Table a summary of the results on zero–modes and collective coordinates
which we are now going to derive in detail.
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Field n0
Collective
coordinates
Broken symmetry
Bµν axion 1 b Peccei-Quinn shift
ψαµ gravitino 2 η
α Supersymmetry
a Dilatations
gµν metric 3
β1, β2
SU(2)L/U(1)L
rotations
Aiµ
gauge vector
(triplet)
12 γ1, . . . , γ12
Global SU(2) gauge
rotations = tangent bundle
deformations
χiα
gaugino
(triplet)
6 α1, . . . , α6 γ superpartners
Arµ
gauge vectors
(doublets)
112 θ1, . . . , θ112
Global E8/SU(2)⊗ E7
gauge rotations
χrα
gaugino
(doublets)
56 δ1, . . . , δ56 θ superpartners
Zero–modes and collective coordinates for heterotic Eguchi–Hanson Instanton
Following [16, 23], the construction of the gravitino and graviton zero–modes
can be easily carried out, by exploiting properties of the EH manifold that are
listed below.
(i) In the EH manifold there exists a closed self–dual two–form whose explicit
components, in the frame specified by the tetrad (2.33), are
Bab = η
3
ab(
a
r
)4 (4.1)
(ii) The self–duality of the spin connection and the vanishing of the curvature
scalar of the EH metric imply that both the square of the Rarita-Schwinger
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operator and the Liechnerowicz operator (the latter governs the propagation
of the fluctuations of the metric) are identical in the chosen background gauge
to the Laplace-Beltrami operator acting on self–dual two–forms [36].
(iii) In any self–dual background there always exist two covariantly constant
right–handed spinors, ǫ¯
(r)
α˙ , r = 1, 2. Actually in the EH background they
are just constant spinors.
Using properties (i) to (iii), we conclude that the spinor components of the two
spin 32 zero–modes should have the expression
ψ
(r)
αβα˙ = Babσ
ab
αβ ǫ¯
(r)
α˙ , r = 1, 2 (4.2)
These zero–modes can be rewritten as Rarita-Schwinger spinors in the form
ψ
(r)
µ = Dµη
(r) − 1
4
σµ
/
Dη(r) (4.3)
having introduced the left–handed spinor η(r) = uη
(r)
0 with η
(r)
0 = iσ0ǫ¯
(r). The
second term in the r.h.s. of (4.3) has been added to insure the validity of the gauge
condition γµψ
µ = 0. It can be interpreted as a global super Weyl rescaling, since
(
/
Dη(r))α˙ = ǫ¯
(r)
α˙ = const.
The above construction is telling us that the existence of two gravitino zero–
modes should be ascribed to the lack of invariance of the EH background under
the two global supersymmetry transformations induced by the two left–handed
spinors, η(r).
The three independent spin 2 zero–modes can be similarly constructed by per-
forming a further supersymmetry transformation on (4.3). One obtains
h
(I)
αβα˙β˙
= ψ
(r)
αβα˙ǫ¯
(s)
β˙
C
(I)
rs , I = 0, 1, 2 (4.4)
where we have defined the Clebsch-Gordan coefficients
C
(0)
rs = δrs C
(1)
rs = (τ3)rs C
(2)
rs = (τ1)rs (4.5)
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In the more standard tensor notation we can write
h
(I)
µν = ψ
(r)
µ σν ǫ¯
(s)C
(I)
rs + ψ
(r)
ν σµǫ¯
(s)C
(I)
rs (4.6)
Substituting (4.3) in (4.6) and using again the fact that ǫ¯ is covariantly constant,
the expression (4.6) can be cast in the form of an infinitesimal diffeomorphism
accompanied by a global Weyl rescaling. One can in fact write
h
(I)
µν = C
(I)
rs η
(r)
0 σaǫ¯
(s)(∇µ(ueaν) +∇ν(ueaµ)−
1
2
∇ · (uea)gµν)
= ∇µζ(I)ν +∇νζ(I)µ − 1
2
(∇ · ζ(I))gµν
(4.7)
with
ζ
(I)
µ = η
(r)σµǫ¯
(s)C
(I)
rs (4.8)
In (4.7) the derivative ∇µ contains only the Christoffel connection, while Dµ is
fully covariant. Actually the last term in (4.7) in non-zero only for I = 0 because,
as it can be easily shown, ∇ · ζ(1,2) = 0, while ∇ · ζ(0) = constant.
With a suitable interpretation of the infinitesimal diffeomorphisms ζ
(I)
µ these
zero–modes may be related to the lack of invariance of the EH metric under dilata-
tions and under the two rotations in the coset SU(2)L/U(1)L (the U(1)L quotient
factor is present because the corresponding generator, ξ(3), given in (2.31), is a
Killing vector of the EH metric).
This can be explicitely seen by separating the diffeomorphisms in (4.7) into a
“rigid” part, ξµ
(I)
, related to dilations (I = 0) or to the two rotations in the coset
SU(2)L/U(1)L (I = 1, 2), and a “gauge” transformation part, Λ
µ
(I), whose presence
is necessary to ensure the transversality of the corresponding zero–modes, h
(I)
µν .
The infinitesimal diffeomorphism related to dilatations can be split as follows
ζµ
(0)
= (
u
r
)2xµ = xµ − (a
r
)4xµ ≡ ξµ
(0)
+ Λµ
(0)
(4.9)
where the first term, ξµ
(0)
= xµ, clearly corresponds to a global rescaling. Similarly
the other two zero–modes are associated to the global rotations induced by the two
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vector fields
ζµ(i) = ue
µ
(i) = ηi
µ
νx
ν + (
u
r
− 1)ηiµνxν ≡ ξµ(i) + Λ
µ
(i) (4.10)
with i = 1, 2 and ηi
µ
ν the ’t Hooft symbols.
As is well known [35], the metric (2.30) is obtained from (B.1) with a change of
variables which puts the (dipole with) endpoints ~x1, ~x2 along a preferred axis. The
length of this dipole is related to the modulus a. The effect of the rotations ξµ(1,2)
is to change the alignment of the dipole and that of the dilatation ξµ
(0)
to rescale
the distance |~x1 − ~x2|.
A more suggestive form of the graviton zero–modes, h
(I)
µν , can be obtained by
noticing that the “rigid” transformations considered above can be interpreted as
Lie derivatives along the congruences of the vector fields ζµ
(I)
∂µ. The curves of the
congruences are generated by the exponential maps of these vector fields and can be
parametrized by the moduli of the Eguchi–Hanson instanton, a for the dilatations
and β1, β2 for the two rotations.
The Lie derivative represents a diffeomorphism along the congruence, i.e. an
infinitesimal change of the moduli, and can thus be also seen as the derivative of
the metric with respect to the moduli themselves.
From the explicit form of the EH metric we have the formulae
∂gµν
∂βi
= ξλ(i)∂λgµν + gµλ∂νξ
λ
(i) + gνλ∂µξ
λ
(i)
= ∇µξ(i)ν +∇νξ(i)µ, i = 1, 2
(4.11)
∂gµν
∂a
| = ξλ(0)∂λgµν + gµλ∂νξλ(0) + gνλ∂µξλ(0) −
1
2
(∇ · ξ(0))gµν
= ∇µξ(0)ν +∇νξ(0)µ −
1
2
(∇ · ξ(0))gµν
(4.12)
The | in the l.h.s. of (4.12) is to remember that the derivative with respect to a
must be taken by keeping constant the determinant of the metric. This constraint
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is responsible for the appearance of the last extra term in the r.h.s. of (4.12). The
condition that the determinant of the metric should remain a constant comes, in
turn, from the requirement that the fluctuation of the metric should be traceless.
Using equations (4.11) and (4.12), one can finally write
h
(0)
µν =
∂gµν
∂a
|+∇µΛ(0)ν +∇νΛ(0)µ
h
(1)
µν =
∂gµν
∂β1
+∇µΛ(1)ν +∇νΛ(1)µ
h
(2)
µν =
∂gµν
∂β2
+∇µΛ(2)ν +∇νΛ(2)µ
(4.13)
In this way each graviton zero–mode is expressed as a sum of two terms. The
first is the derivative of the EH metric with respect to a collective coordinate, the
second is a gauge transformation necessary to make the zero–mode to obey the
same gauge condition as the metric, i.e. to make it transverse (tracelessness is
automatic from (4.7)).
We now turn to the study of the gaugino zero–modes, starting with the doublet
case (for other gravitational instantons, analogous computations can be found in
[38]). Using (2.35), we can write the Dirac equation in the doublet representation
in the form
−i/D
2
χ = −iσaαα˙∂aχαr + i
2
a(k)(δα˙βδ
r
s + (τ
k)rs(τ
k)α˙β)χ
βs = 0 (4.14)
with a(k) defined in (2.37). It is easy to see that an ansatz of the form
χαr =
(
P1D
l
n−1,m Q1D
l
n,m
P2D
l
n,m Q2D
l
n+1,m
)
(4.15)
with P1, P2, Q1, Q2 purely radial functions
⋆
and Dln,m the SU(2) rotation matrices,
leads to the following system of first order differential equations
⋆ To lighten the notation we have dropped all the angular momentum indices from the func-
tions P1, P2, Q1, Q2
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[
u
r
d
dr
+
2(n + 1)
u
]P1 +
2
r
anlP2 = 0
[
u
r
d
dr
+
2u
r2
− 2n
u
]P2 +
2
r
anlP1 +
2u
r2
Q1 = 0
[
u
r
d
dr
+
2u
r2
+
2n
u
]Q1 +
2
r
bnlQ2 +
2u
r2
P2 = 0
[
u
r
d
dr
− 2(n− 1)
u
]Q2 +
2
r
bnlQ1 = 0
(4.16)
where anl =
√
(l + n)(l − n+ 1), bnl =
√
(l − n)(l + n + 1).
To solve the system (4.16) we recall that the result of the index theorem
(3.29) was ind(
/
D
2
,M, ∂M) = −1, leading us to the conclusion that in the dou-
blet case there is just one (left–handed) gaugino zero–mode, since no right–handed
zero–modes are expected in a self–dual background. We are thus led to take l = 0
in the ansatz (4.15). With this choice the matrix (4.15) becomes off–diagonal.
Since furthermore a00 = b00 = 0, the system (4.16) is immediately solved, giving
χαr = (
a
r
)4
(
0 1
1 0
)αr
(4.17)
This formula is very much reminiscent of the form of the harmonic two–form (4.1).
In fact there is another, more geometrical, way to determine the solution (4.17),
which we now want to explain. Combining isospin and spin indices, one can sepa-
rate the symmetric and the antisymmetric part of χ by writing
χαr = Uεαr + (Vabσ
ab)αr (4.18)
where Vab is self–dual. The Dirac equation becomes
σ¯µ[εDµU + σ
abDµVab] = 0 (4.19)
and thanks to the completeness of the σ¯µ matrices, one gets
dU + ∗dV = 0 (4.20)
Acting with d or ∗d∗ allows to derive from (4.20) two separate equations. The
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first one, dU = 0, has the only solution U = constant, which is not normalizable.
The second one, ∗dV = 0 or, equivalently, dV = 0 (since Vab is self–dual) implies
that V is a closed self–dual two–form. As there exists only one (normalizable)
self–dual two–form on the EH manifold, Vab must coincide with Bab of equation
(4.1). This procedure is very general and can be used to find the zero–modes of the
Dirac operator in the doublet representation of the gauge group, in any self–dual
background, whenever spin and gauge connections are identified.
We now discuss the Dirac equation for the triplet. Due to the lack of a clear
geometrical interpretation, this case will turn out to be much more involved than
the previous one.
The triplet Dirac operator has the form
−i/D
3
=
−i
/
D
S
0 0
0 −i/D
S
0
0 0 −i/D
S
+
 Bτ3 −Aτ− 0−Aτ+ 0 Aτ−
0 Aτ+ −Bτ3
 (4.21)
where A = a(1) = a(2), B = a(3). With an eye to the discussion of the eigenvalue
problem for the boundary triplet Dirac operator in sect. 3, we look for zero–modes
of the form
χαi = (R1Dln−1,m, R
2Dln,m, S
1Dln,m, S2D
l
n+1,m, T
1Dln+1,m, T
2Dln+2,m ) (4.22)
with R1, R2, S1, S2, T 1, T 2 purely radial functions
⋆
and Dln,m the SU(2) rotation
matrices.
⋆ To lighten the notation we have dropped all angular momentum indices from the functions
R1, R2, S1, S2, T 1, T 2
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With the ansatz (4.22) the Dirac equation, −i/D
3
χ = 0, becomes
(D +
2
u
L3)R
1 +
2
r
L−R2 + BR1 = 0
(D − 2
u
L3)R
2 +
2
r
L+R
1 −BR2 −
√
2AS1 = 0
(D +
2
u
L3)S
1 +
2
r
L−S2 −
√
2AR2 = 0
(D − 2
u
L3)S
2 +
2
r
L+S
1 +
√
2AT 1 = 0
(D +
2
u
L3)T
1 +
2
r
L−T 2 −BT 1 +
√
2AS2 = 0
(D − 2
u
L3)T
2 +
2
r
L+T
1 +BT 2 = 0
(4.23)
where we have introduced the definition
D =
u
r
d
dr
+
2
u
+
u
r2
(4.24)
This is a linear system of six Fuchsian differential equations, equivalent to a
Fuchsian differential equations of the sixth order, with three regular singular points
for each one of the radial functions appearing in the ansatz (4.22). For special forms
of the coefficients, a solution of a differential equation of the above type can be
expressed in terms of the generalized hypergeometric series. This turns out not
to be our case. We are thus forced to solve (4.23) by brute force, by trying the
lowest possible values of the quantum numbers l, n,m, in the hope of successively
reducing the number of independent equations in the system. We start with the
choice l = n = m = 0. In this case the equations decouple and one can easily find
a solution which, however, turns out to be non-normalizable. Next we examine
the case l = 1 with −3 ≤ n ≤ 2,−1 ≤ m ≤ 1. The values of n we have given
are the only ones compatible with the assignment of angular momentum quantum
numbers made in (4.22). The six resulting possible cases are pairwise symmetric
and give rise to the following three situations.
(i) n = −3, 2
The solution has only one non-zero component and it is not normalizable.
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(ii) n = −2, 1
The solution has three non-zero components and it is not normalizable.
(iii) n = −1, 0
The solution has five non-zero components and for each value of n there
are three (in correspondence with the three possible values of m) linearly
independent normalizable solutions.
In order to explicitely find these solutions it is convenient to rewrite the system
(4.23) as a fifth order differential equation by solving for one of the five non-zero
components of (4.22). Fortunately three solutions of the resulting Fuchsian equa-
tion may be found with the ansatz: xα(x − 1)β , where x = (ar )4 and α, β are
the exponents governing the behaviour of the solution around the singularities.
Knowing three solutions it is possible to reduce the original fifth order differential
equation to a second order differential equation of the known hypergeometric type
and find the last two independent solutions. For each n and m one can construct
five independent solutions of (4.23) and it just happens that only one linear com-
bination of them is normalizable. Explicitely the six normalizable solutions are
(n = −1, 0;m = −1, 0, 1)
χ
(↓)
m =

0
−x 34 (1 + 2√x)D1−1,m
x
5
4D1−1,m
− 1√
2
x
3
4
√
1− xD10,m
−x
5
4
√
2(1−x)
1+
√
x
D10,m
x
3
4 (1−√x)
(1+
√
x)
D11,m

χ
(↑)
m =

−x
3
4 (1−√x)
(1+
√
x)
D11,m
x
5
4
√
2(1−x)
1+
√
x
D10,m
− 1√
2
x
3
4
√
1− xD10,m
x
5
4D1−1,m
x
3
4 (1 + 2
√
x)D1−1,m
0

(4.25)
This result is in agreement with the value of the index of the Dirac operator
computed at the end of sect. 3.
We conclude this section with a discussion on the relation between the number
of triplet zero–modes and the number of moduli of an SU(2) gauge instanton over
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the EH manifold. First of all notice that the number of zero–mode fluctuations
of the gauge field is twice the (absolute) value of the index (3.35) for the triplet
Dirac operator. This is a direct consequence of the already mentioned existence in
self–dual backgrounds, such as the heterotic EH instanton, of two unbroken right–
handed supersymmetries. Thanks to them, two zero–modes of the gauge field,
δA
i(r)
µ , can be generated out of each fermion zero–mode, χ
i
α, by writing
δA
i(r)
µ = ǫ¯
(r)
α˙ σ¯
α˙α
µ χ
i
α (4.26)
Thus the six zero–modes of the gaugino in the adjoint representation of the istan-
tonic SU(2) generate twelve zero–modes for quadratic operator of the gauge field
fluctuactions around the hetrotic EH background. At this point the issue is to
find a geometric interpretation for the corresponding 12 “collective coordinates” of
the instantonic gauge connection. Following [39] and the discussion in Appendix
B
⋆
, we are led to identify these collective coordinates with the deformations of the
tangent bundle in the adjoint representation of the structure group of the bundle,
which in this case is SL(2, |C) (i.e. the complexification of SU(2)). The relevant
cohomology group is H1(EndT ), consisting in the holomorphic (0,1)–forms with
values in the adjoint representation of SL(2, |C) modulo gauge transformations. If
our previous arguments are correct, we expect the dimension of the cohomology
group H1(EndT ) to be 12. For the EH instanton this computation is not too
difficult. Recalling that the EH manifold is the smooth resolution of the alge-
braic variety defined by the locus W (x, y, z) = xy − z2 = 0 in |C3, we see that
the tangent bundle is an SL(2, |C) complex bundle whose sections (vector fields),
~T = (T x, T y, T z), satisfy the condition
yT x + xT y + 2zT z = 0 (4.27)
We now want to deform the tangent bundlle into a new complex bundle, defined
⋆ We thank D. Anselmi, R. D’Auria and P. Fre’ for an enlightening discussion on this point.
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by
PxT
x + PyT
y + PzT
z = 0 (4.28)
but in such a way so as to mantain the vanishing of the first Chern class. The
polynomial deformations of the tangent bundle Px, Py, Pz, which do not modify
the first Chern class, can be identified as the polynomials in the variables x, y, z
of degree less or equal to the degree of the components of the gradient to the
locus. In the case at hand we have ~∇W = (y, x, 2z), so we need only to consider
polynomials of degree one in x, y, z. Since each polynomial of degree one in three
variables is identified by four coefficients, we conclude that the cohomology group
H1(EndT ) has dimension 3 = 12. At the moment we are not able to relate the
algebro-geometric basis to the “physical” basis, given by the gauge field zero–modes
(4.26). A proper understanding of this issue could help in determining the moduli
space of instanton connections on the EH manifold.
5. Conclusions and Perpectives
In this paper we have shown that an arbitrary conformally self–dual gravita-
tional background is solution of the classical equations of motion of the effective
supergravity theory arising from the heterotic string. Specializing the gravitational
background to the EH instanton, we have computed all the relevant fermionic and
bosonic zero–modes.
The interest of all these calculations, which we have hinted in the Introduction,
is in the fact that gravitational instantons may lead to SUSY breaking via the
formation of gravitino and gaugino condensates.
It is one of the miracles of supersymmetry that the computation of suitable
correlation functions, expanded around the saddle–point given by the classical
instantonic solution, leads to finite and space–time independent results. It turns
out that the computation of the functional integral gets reduced to the computation
of a suitable combination of the zero–modes of the theory integrated over the
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moduli space of the instanton, since the determinants which are obtained from
the functional integration over non–zero–modes cancel by supersymmetry. The
first step in these calculations is thus the knowledge of the zero–modes themselves,
which is the subject we hope to have settled in this work. This computations were
first performed in [21] for global SUSY theories and in [23] for minimal N = 1
supergravity. The present work should be the first of a series of papers in which
instanton calculus is hopefully extended to generic supergravity theories, arising
in the low energy limit of the heterotic string theory.
The deep reason why some correlation functions are constant in certain the-
ories, probably lies in their connection with topological theories [15]. From a
phenomenological point of view, theories with N = 1 SUSY seem to be prefer-
able with respect to those with N = 2
⋆
, but in the former case, unfortunately, it
has not been yet possible to relate the existence of constant correlation functions
to known geometrical properties of the theory. Expecially in the case in which
gravity is present such an interpretation would be highly desirable, given also the
difficulty of defining in such theories, meaningful gauge invariant quantities. In a
paper companion of this one we will discuss these matters together with the form
of the Ward identities appropriate for N = 1 supergravity.
Acknowledgements: We would like to acknowledge fruitful discussions with L.
Alvarez-Gaume´, D. Anselmi, R. D’Auria, S. Ferrara, G. Gibbons, L. Girardello,
C. Hull, K. Konishi, A. Sagnotti, M. Testa, and G. Veneziano. Two of us (M.B.
and G.C.R.) would like to thank the organizers of the 1992 Triangular Meeting at
Crete, where their collaboration started.
⋆ A lot of progress has been recently made in the understanding of global N = 2 supersym-
metric theories[40]
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APPENDIX A
In this Appendix we establish the conventions and notations used throughout
the paper. Indices from the beginning of the latin alphabet (a, b, c, · · ·) are frame
indices which range from 0 to 3 and are raised and lowered by the flat Euclidean
metric. Indices from the middle of the latin alphabet (i, j, k, · · ·) range from 1 to
3. Spinor indices are usually denoted by letters from the beginning of the greek
alphabet (α, β, γ, · · ·). Indices from the middle of the greek alphabet (λ, µ, ν, · · ·)
denote coordinate indices which are raised and lowered by the metric tensor.
We fix the orientation of the volume measure by taking the permutation 1230
as the fundamental one and defining ε1230 = +1.
For the Euclidean Dirac matrices we use a Weyl basis
γa =
(
0 σaαα˙
σ¯a
β˙β 0
)
(A.1)
where:
σ0αα˙ = −iδαα˙ σkαα˙ = τkαα˙
σ¯0
α˙α = +iδα˙α σ¯k
α˙α = τk
α˙α
(A.2)
with τk ≡ τk the standard Pauli matrices.
Since the σa’s form a complete set, one has
σaαα˙σ¯a
β˙β = 2δα
βδα˙
β˙ (A.3)
As usual we introduce the matrices
σab =
1
2
(σaσ¯b − σbσ¯a)
σ¯ab =
1
2
(σ¯aσb − σ¯bσa)
(A.4)
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which satisfy the relations
σaαα˙σ¯b
α˙β = δabδα
β + (σab)α
β
σ¯a
α˙ασb
αβ˙
= δa
bδα˙
β˙
+ (σ¯ba)
α˙
β˙
(A.5)
The matrices (A.4) are the generators of the Lorentz group SU(2)L⊗SU(2)R and
can be also rewritten as
(σab)α
β = +i(ηk)
a
b(τ
k)α
β
(σ¯ab)
α˙
β˙
= +i(η¯k)
a
b(τ
k)α˙
β˙
(A.6)
where (η¯k
ab) ηk
ab are the (anti)self–dual ’t Hooft symbols
ηk
ab = δakδ
b
0 − δa0δbk + εkijδaiδbj
η¯k
ab = −δakδb0 + δa0δbk + εkijδaiδbj
(A.7)
They satisfy the relations
ηi
abηjbc = −δijδac − εijk(ηk)ac
η¯i
abη¯jbc = −δijδac − εijk(η¯k)ac
ηi
abηicd = δacδbd − δadδbc + εabcd
η¯i
abη¯icd = δacδbd − δadδbc − εabcd
(A.8)
The duality properties of the ’t Hooft symbols induce the following duality prop-
erties of the Lorentz generators
σab =
1
2
εabcdσ
cd,
σ¯ab = −1
2
εabcdσ¯
cd
(A.9)
Spinor indices are raised and lowered by the symplectic metric
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εαβ = i(τ2)
αβ εαβ = −i(τ2)αβ
εα˙β˙ = i(τ2)
α˙β˙ ε
α˙β˙
= −i(τ2)α˙β˙
(A.10)
which satisfy
εαβεβγ = δ
α
γ
εα˙β˙ε
β˙γ˙
= δα˙γ˙
(A.11)
As a consequence, the matrices σ¯a and σa are related by
σ¯a
α˙β = −εαβσa
ββ˙
εα˙β˙
and the Lorentz generators with two upper indices are symmetric under the inter-
change of the spinor indices, i.e.
εαβ(σab)β
γ = (σab)
αγ = (σab)
γα
ε
α˙β˙
(σ¯ab)
β˙
γ˙ = (σ¯ab)α˙
γ˙ = (σ¯ab)γ˙
α˙
(A.12)
In terms of the γ matrices the duality properties of the Lorentz generators translate
into the equations
γabcd = εabcdγ5
γabc = εabcdγ5γd
γab = −1
2
εabcdγ5γcd
γa = −1
6
εabcdγ5γbcd
11 =
1
24
εabcdγ5γabcd
(A.13)
Right–handed (dotted) spinors, ǫ, satisfy the equation γ5ǫ = −ǫ. Left–handed
(undotted) spinors, η, satisfy the equation γ5η = η.
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Using the ’t Hooft symbols, one can define the left-invariant one–forms
σi =
1
r2
ηiµνx
µdxν (A.14)
and the two–forms
dσi =
1
r2
ηiµνdx
µdxν − 2
r4
ηiµνxρx
µdxρdxν (A.15)
where r2 = x2 + y2 + z2 + t2. From (A.14) and (A.15) one has dσi = εi
jkσj ∧ σk.
In terms of the spherical coordinates
x+ iy = r cos
θ
2
exp
i
2
(ψ + ϕ)
z + it = r sin
θ
2
exp
i
2
(ψ − ϕ)
(A.16)
the left-invariant one–forms, σi have the explicit expression
σx =
1
2
(sinψdθ − cosψ sin θdϕ)
σy = −1
2
(cosψdθ + sinψ sin θdϕ)
σz =
1
2
(dψ + cos θdϕ)
(A.17)
Their dual vector fields are (see (2.31), (2.32))
Li = − i
2
ηiµ
νxµ∂ν ≡ −iξµ(i)∂µ (A.18)
They satisfy the SU(2) algebra: [Li, Lj ] = iεij
kLk. In terms of spherical coordi-
nates they read
L1 = −i(sinψ ∂
∂θ
− cosψ
sin θ
∂
∂ϕ
+
cos θ cosψ
sin θ
∂
∂ψ
)
L2 = i(cosψ
∂
∂θ
+
sinψ
sin θ
∂
∂ϕ
− cos θ sinψ
sin θ
∂
∂ψ
)
L3 = −i ∂
∂ψ
(A.19)
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Frequently used combinations of the first two vectors are
L± = L1 ± iL2 = e±iψ(∓ ∂
∂θ
+
i
sin θ
∂
∂ϕ
− icos θ
sin θ
∂
∂ψ
) (A.20)
In an analogous way one can define the right-invariant one–forms:
σ¯i =
1
r2
η¯iµνx
µdxν
or in terms of Euler angles:
σ¯x =
1
2
(sinϕdθ − cosϕ sin θdψ)
σ¯y = −1
2
(cosϕdθ + sinϕ sin θdψ)
σ¯z =
1
2
(dϕ+ cos θdψ)
(A.21)
Their dual vector fields are (see (2.31))
L¯i = − i
2
η¯i
µνxµ∂ν ≡ −iξ¯µ(i)∂µ (A.22)
They satisfy the SU(2) algebra: [L¯i, L¯j ] = −iεkijL¯k. In terms of spherical coordi-
nates they read
L¯1 = −i(sinϕ ∂
∂θ
− cosϕ
sin θ
∂
∂ψ
+
cos θ cosϕ
sin θ
∂
∂ϕ
)
L¯2 = i(cosϕ
∂
∂θ
+
sinϕ
sin θ
∂
∂ψ
− cos θ sinϕ
sin θ
∂
∂ϕ
)
L¯3 = −i ∂
∂ϕ
(A.23)
The raising and lowering operators become
L¯± = L¯1 ± iL¯2 = e±iϕ(∓ ∂
∂θ
+
i
sin θ
∂
∂ψ
− icos θ
sin θ
∂
∂ϕ
) (A.24)
The elements of the group SU(2) may be parametrize in terms of the rotations
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matrices
DR(θ, ϕ, ψ) = e
iψT3eiθT2eiϕT3 (A.25)
where the T ’s are the SU(2) generators in the representation R. The matrix
elements of the rotation matrices
Dln,m(θ, ϕ, ψ) = e
inψeimϕdln,m(θ) = 〈θ, φ, ψ|l, m, n〉 |m| ≤ l, |n| ≤ l (A.26)
yield a spin l representations of the two SU(2) groups defined above and one has
L2|l, m, n〉 = l(l + 1)|l, m, n〉
L3|l, m, n〉 = n|l, m, n〉
L¯2|l, m, n〉 = l(l + 1)|l, m, n〉
L¯3|l, m, n〉 = m|l, m, n〉
(A.27)
The explicit expression of the matrices dln,m(θ) are not needed in this work except
for the case l = 1, for which we have
d1n,m(θ) =

1+cos θ
2
sin θ√
2
1−cos θ
2
− sin θ√
2
cos θ sin θ√
2
1−cos θ
2 − sin θ√2
1+cos θ
2
 (A.28)
The matrix elements of the raising and lowering operators can be derived from the
equations
L±|l, m, n〉 =
√
(l ∓ n)(l ± n+ 1)|l, m, n± 1〉
L¯±|l, m, n〉 =
√
(l ∓m)(l ±m+ 1)|l, m± 1, n〉
(A.29)
More details on rotation matrices and spinor weighted spherical harmonics can be
found in [41] or in standard textbooks of Quantum Mechanics.
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APPENDIX B
In this Appendix we recall some known facts about the geometry of ALE
manifolds with a special emphasis on those aspects that are more relevant for the
problems we are dealing with in this paper.
The nice thing about ALE spaces is that they admit a complete topological
classification, the so–called A−D −E classification, in terms of the kleinian sub-
groups of SU(2) [42]. Indeed to each one of such discrete subgroups, Γ, one can
associate an ALE manifold, M , which is the smooth resolution of a certain singular
variety in |C3 with boundary ∂M = S3/Γ. Referring to the existing literature on
the subject and denoting by χ the Euler characteristic and by τ the Hirzebruch
signature, let’s recall the relevant facts about the A − D − E–classification. The
classification is made in terms of two discrete series corresponding to the Dinkin
diagrams, Ak and Dk, and of the three exceptional cases corresponding to the
exceptional groups E6, E7 and E8. The k
th representative, MAk , of the A–series
corresponds to the smooth resolution of the singular algebraic variety defined by
the equation xy = zk+1 in |C3. Its boundary is the lens space L(k+1, 1) which co-
incides with S3 modded out by the cyclic group Zk+1, i.e. ∂MAk = S
3/Zk+1. The
manifoldMAk has χ = k+1, τ = −k. The kth representative, MDk , of the D–series
corresponds to the resolution of the singular algebraic variety defined by the equa-
tion x2z + y2 = zk−1 in |C3. Its boundary is S3/D∗k with D
∗
k the double-covering
of the dihedral group of order k. The manifold MDk has χ = k + 1, τ = −k. The
three ALE spaces associated to the Dinkin diagrams of the exceptional groups can
be described as follows. The E6 representative, ME6 , corresponds to the resolution
of the variety z4 = x2 + y3, its boundary is S3/T ∗ with T ∗ the binary tetrahedral
group. ME6 has χ = 7, τ = −6. The E7 representative, ME7 , corresponds to the
resolution of the variety yz3 = x2 + y3, its boundary is S3/O∗ with O∗ the binary
octahedral group. ME7 has χ = 8, τ = −7. The E8 representative, ME8, corre-
sponds to the resolution of the variety z5 = x2 + y3, its boundary is S3/I∗ with
I∗ the binary icosahedral group. ME8 has χ = 9, τ = −8. Barring geometrical
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subtleties, once the singularity has been smoothed out, one can introduce on the
resulting ALE manifold a Riemannian structure, i.e. a metric.
An explicit class of self–dual metrics, which corresponds to the ALE manifolds
of the A–series, is given by the Gibbons–Hawking multi–center ansatz
ds2 = V −1(~x)(dτ + ~ω · d~x)2 + V (~x)d~x · d~x (B.1)
with V and ~ω related by
~∇V = ~∇× ~ω (B.2)
to ensure the self–duality of the curvature. Since the rigt–hand–side of eq.(B.2) is
formally divergenceless up to point-like sources, the most general form of V is
V (~x) = ǫ+ 2m
k+1∑
i=1
1
| ~x− ~xi | (B.3)
with ǫ,m arbitrary parameters. Following the standard notations used in this
context, in the above formulae we have set the Newton constant, GN , equal to 1.
The choice of a common value ofm for all the sources is dictated by the requirement
that the apparent Dirac–string singularities induced in ω be removable coordinate
singularities of the metric. The choice ǫ = 0, m = 12 corresponds to an admissible
metric on the kth representative of the A–series space, MAk . In particular the
choice k = 0 corresponds to a reparametrization of flat four–dimensional Euclidean
space, while k = 1 corresponds to the Eguchi–Hanson istanton which is discussed
at length in this paper. The choice ǫ = 1 corresponds to the multi-Taub-NUT
spaces which are neither complex nor ALE spaces.
From the observation that ALE metrics are conjectured to make the Einstein-
Hilbert action non-negative definite, we conclude that self–dual ALE metrics are
absolute minima of the action, since in each set of topologically equivalent metrics,
characterized by a common behavior at the boundary, self–dual metrics have zero
action.
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For the sake of making contact with the complex geometry of supersymmetric
backgrounds which may allow consistent propagation of the string, it is important
to observe that ALE manifolds may be thought of as non compact Calabi-Yau
manifolds [43, 34]. Indeed, thanks to the self–duality of the curvature, the holon-
omy group of the ALE manifold with boundary S3/Γ is an SU(2)/Γ subgroup
of the Euclidean Lorentz group, SO(4) ∼ SU(2)L ⊗ SU(2)R. As a consequence
in these backgrounds there always exist two covariantly constant right–handed
spinors, ǫ¯
(r)
α˙ , r = 1, 2, out of which one can construct three covariantly constant
complex structures
J iab = ǫ¯
(r)σ¯abǫ¯
(s)σirs (B.4)
which together with the identity, J0ab = δab, satisfy the quaternionic algebra.
Choosing one of the complex structures, say J3, as the reference one, it is possible
to introduce complex coordinates on the manifold and associate to it a closed two–
form of type (1,1), K = J3abe
a
µe
b
νdx
µdxν = KIJ¯dz
I ∧dzJ¯ , which will play the role
of Ka¨hler form. This means that there exists a complex coordinate system in which
the hermitean metric is ka¨hlerian. Actually ALE manifolds are hyperka¨hlerian,
due to the presence of the two other covariantly constant complex structures, J1
and J2. The latter generate (anti)holomorphic two–forms of type (2,0) (or (0,2))
which may be interpreted as the nowhere vanishing (anti)holomorphic forms which
characterize a Calabi-Yau manifold of complex dimension two. Since the only
compact manifold of this class is known to be K3, one is led to identify ALE
manifolds as “non-compact Calabi-Yau twofolds”.
The local polynomial ring of the algebraic equation which characterizes an
ALE manifold is the ring of deformations of its complex structure [42]. The num-
ber of generators of the ring for the A–series turns out to be k and coincides with
the number of complex parameters in the admissible deformations of the complex
structure. These parameters could be reabsorbed through non–analytic changes of
coordinates, in much the same way as one can eliminate the explicit dependence
on the moduli from the metric of a Riemann surface. Another set of k (real)
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parameters corresponds to the admissible deformations of the Ka¨hler structure.
In the case of the multi–center ansatz (B.1)–(B.3), once the origin of the three–
dimensional coordinate system has been chosen to coincide with one of the centers
in the potential V , the metric will depend on 3k parameters which can be made
to coincide with the 3k coordinates of the remaining centers. These 3k parameters
are in one to one correspondence with the zero–modes of the metric, i.e. with the
zero–modes of the Liechnerowicz operator in the background given by the metric
(B.1) with the choice ǫ = 0, m = 12 in (B.3). The relevant cohomology group is
H(1,1)(MAk , ∂MAk), i.e. the group of closed two–forms of Hodge type (1,1) which
vanish sufficiently fast on the boundary so as to have a finite norm. For ALE man-
ifolds this cohomology group consists only of (harmonic) self–dual two–forms and
has dimension h(1,1) = k. Combining these k self–dual two–forms with the three
covariantly constant (and as such not normalizable) antiself–dual two–forms which
are always present on hyperka¨hler manifolds, one gets 3h(1,1) = 3k deformations
of the metric which can be shown to be zero–modes of the Liechnerowicz opera-
tor. Notice that for complex two-dimensional manifolds the relative cohomology
group H(1,1)(MAk , ∂MAk) is responsible both for the complex deformations of the
complex structure and for the real deformations of the Ka¨hler class. The k de-
formations of the Ka¨hler structure can be “complexified” by taking as imaginary
parts the k self–dual two–forms, of type (1,1). These two–forms can be interpreted
as zero–mode fluctuations of the antisymmetric tensor around the corresponding
ALE background.
The last topic we would like to briefly discuss in this Appendix is the defor-
mation of the (vacuum) gauge bundle [1, 39]. Through the “standard embedding”
the gauge bundle is identified with the tangent bundle to the ALE manifold. Since
for a Ka¨hler manifold the curvature two–forms have only non–vanishing compo-
nents of type (1,1), the transition functions may be chosen to be holomorphic.
The tangent bundle, TM or more simply T , turns out to be a holomorphic vector
bundle. Thanks to the vanishing of the Ricci scalar, T has vanishing first Chern
class. Writing the algebraic equation of the singular variety in |C3 associated to the
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ALE manifold in the implicit form, W (x, y, z) = 0, the tangent vectors ~t, satisfy
tx
∂W
∂x
+ ty
∂W
∂y
+ tz
∂W
∂z
= 0 (B.5)
In much the same way as an algebraic singularity can be deformed to a “nearby”
(non–singular) variety through the elements of its polynomial ring, the defining
equation of the tangent bundle (B.5) can be modified to a “nearby” equation with
polynomial coefficients defining a new vector bundle V . The new holomorphic
vector bundle V may be equivalent to T in the topological sense, but in general
it will not be equivalent to T in the holomorphic sense. In order to shift the
initial solution of the heterotic string equations of motion to a “nearby” solution,
admissible gauge bundle V are naturally related to holomorphic deformations of
T which preserve the rank and the vanishing of the first Chern class. Somehow
in analogy with the deformations of tangent bundles to hypersurfaces embedded
in complex projective spaces [1, 39], the relevant deformations of (B.5) should
be in one to one correspondence with the polynomials in x, y, z of degree less
or equal to the smallest among the degrees of ∂W
∂x
,∂W
∂y
and ∂W
∂z
. In view of the
identification between the gauge connection and the connection on the tangent
bundle, these deformations should correspond to zero–mode fluctuations of the
gauge field around the considered background. In two complex dimensions self–
duality and holomorphicity are tightly bound. In complex coordinates zI , I = 1, 2
a hermitean self–dual connection, A, has components:
AI = U
−1∂IU
AI¯ = (∂I¯ U¯)U¯
−1 (B.6)
with U 6= U¯ . The connection (B.6) is not a pure gauge. The components of Hodge
type (2,0) and (0,2) of the field–strength F vanish, but the components of type
(1,1) do not. Deforming the tangent bundle to a new vector bundle with self–
dual curvature (field–strength) is tantamount to find a new gauge connection such
that the above properties of F are mantained. This means that the zero–modes
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of the gauge connection are in one to one correspondence with holomorphic one–
forms in the adjoint representation of the structure group. The structure group
is SL(2, |C), which is the complexification of the SU(2) group where the gauge
istanton lives. The relevant deformations are those belonging to the cohomology
group H1(End(T )), with End(T ) the bundle of endomorphisms of the tangent
bundle, T [39, 1].
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